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Quasi-theories and their equivariant orthogonal spectra
Zhen Huan
Abstract. In this paper we construct orthogonal G−spectra up to a weak
equivalence for the quasi-theory QE∗n,G(−) corresponding to certain cohomol-
ogy theories E. The construction of the orthogonal G−spectrum for quasi-
elliptic cohomology can be applied to the constructions for quasi-theories.
1. Introduction
In [6] we construct a functor Q from the category of orthogonal ring spectra
to the category of IG−FSP. If E is a global cohomology theory, Q(E) weakly
represents the cohomology theory
(1.1) QE∗G(X) :=
∏
σ∈Gtors
conj
E∗Λ(σ)(X
σ) =
( ∏
σ∈Gtors
E∗Λ(σ)(X
σ)
)G
.
The image of global K−spectrum is a IG−FSP representing quasi-elliptic cohomol-
ogy up to a weak equivalence.
Quasi-elliptic cohomology is a variant of elliptic cohomology theories, which is
the generalized elliptic cohomology theory associated to the Tate curve Tate(q) over
SpecZ((q)) [Section 2.6, [1]]. Quasi-elliptic cohomology is defined over SpecZ[q±].
Inverting q allows us to define a sufficiently non-naive equivariant cohomology the-
ory and to interpret some constructions more easily. Its relation with Tate K-theory
is
(1.2) QEll∗G(X)⊗Z[q±] Z((q)) = (K
∗
Tate)G(X)
Motivated by quasi-elliptic cohomology, we construct quasi-theories QE∗n,G(−)
in [9]. Quasi-elliptic cohomology, the theories QE∗G(−) defined in (1.1) and the
generalized quasi-elliptic cohomology in Example 2.4 are all special cases of quasi-
theories.
In this paper we show that the idea of constructing the functor Q can be
applied to construct a family of functors Qn from the category of orthogonal ring
spectra to the category of IG−FSP. Especially, the functor Q1 is Q. In other words,
we construct a IG−FSP representing QE∗n,G(−) up to weak equivalence for each
positive integer n and each compact Lie group G.
In this paper we show the construction of functors Qn. The idea is analogous
to the construction of Q in [6]. For the readers’ convenience, we still include all
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the details in this paper. In Section 2 we recall the definition and examples of
quasi-theories. In Section 3 we recall a category of orthogonal G−spectra intro-
duced in [6]. In Section 4 we construct a space QEG,n,m representing the m−th
G−equivariant quasi-theory QEmn,G(−) up to a weak equivalence. In Section 5 we
construct a IG−FSP representing QE∗n,G(−) up to weak equivalence for certain co-
homology theories E and construct the functors Qn. In the appendix, we construct
some faithful group representations needed in the construction of the IG−FSP.
1.1. Acknowledgement. I would like to thank my PhD advisor Charles
Rezk. Under his direction I constructed equivariant orthogonal spectra for quasi-
elliptic cohomology, which is a special case of quasi-theories. In addition, he sug-
gested the project on quasi-theories to me. I would like to thank Matthew Ando
for encouraging me to finish the projects.
2. The Quasi-theory QE∗n,G(−)
In this section we recall the quasi-theories. The main reference for that is [9].
Let G be a compact Lie group and n denote a positive integer. Let Gtorsconj
denote a set of representatives of G−conjugacy classes in the set Gtors of torsion
elements in G. Let Gnz denote set
{σ = (σ1, σ2, · · ·σn)|σi ∈ G
tors
conj , [σi, σj ] is the identity element in G}.
Let σ = (σ1, σ2, · · ·σn) ∈ Gnz . Define
CG(σ) :=
n⋂
i=1
CG(σi);(2.1)
ΛG(σ) := CG(σ)× R
n/〈(σ1,−e1), (σ2,−e2), · · · (σn,−en)〉.(2.2)
where CG(σi) is the centralizer of each σi in G and {e1, e2, · · · en} is a basis of Rn.
Let q : T −→ U(1) denote the representation t 7→ e2piit. Let qi = 1⊗· · ·⊗q⊗· · ·⊗1 :
Tn −→ U(1) denote the tensor product with q at the i−th position and trivial
representations at other position. The representation ring
R(Tn) ∼= R(T)⊗n = Z[q±1 , · · · q
±
n ].
We have the exact sequence
(2.3) 1 −→ CG(σ) −→ ΛG(σ)
pi
−→ Tn −→ 0
where the first map is g 7→ [g, 0] and the second map is π([g, t1, · · · tn]) = (e2piit1 , · · · e2piitn).
Then the map π∗ : R(Tn) −→ RΛG(σ) equips the representation ring RΛG(σ) the
structure as an R(Tn)−module.
This is Lemma 3.1 [9] presenting the relation between RCG(σ) and RΛG(σ).
Lemma 2.1. π∗ : R(Tn) −→ RΛG(σ) exhibits RΛG(σ) as a free R(Tn)−module.
There is an R(Tn)−basis of RΛG(σ) given by irreducible representations {Vλ},
such that restriction Vλ 7→ Vλ|CG(σ) to CG(σ) defines a bijection between {Vλ} and
the set {λ} of irreducible representations of CG(σ).
Definition 2.2. For equivariant cohomology theories {E∗H}H and anyG−space
X , the corresponding quasi-theory QE∗n,G(X) is defined to be∏
σ∈Gnz
E∗ΛG(σ)(X
σ).
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Example 2.3 (Motivating example: Tate K-theory and quasi-elliptic cohomol-
ogy). Tate K−theory is the generalized elliptic cohomology associated to the Tate
curve. The elliptic cohomology theories form a sheaf of cohomology theories over
the moduli stack of elliptic curvesMell. Tate K-theory over SpecZ((q)) is obtained
when we restrict it to a punctured completed neighborhood of the cusp at ∞, i.e.
the Tate curve Tate(q) over SpecZ((q)) [Section 2.6, [1]]. The divisible group as-
sociated to Tate K-theory is Gm ⊕Q/Z. The relation between Tate K-theory and
string theory is better understood than most known elliptic cohomology theories.
In addition, Tate K-theory has the closest ties to Witten’s original insight that the
elliptic cohomology of a space X is related to the T−equivariant K-theory of the
free loop space LX = C∞(S1, X) with the circle T acting on LX by rotating loops.
Ganter gave a careful interpretation in Section 2, [5] of this statement that the
definition of G−equivariant Tate K-theory for finite groups G is modelled on the
loop space of a global quotient orbifold.
Other than the theory over SpecZ((q)), we can define variants of Tate K-theory
over SpecZ[q] and SpecZ[q±] respectively. The theory over SpecZ[q±] is of especial
interest. Inverting q allows us to define a sufficiently non-naive equivariant cohomol-
ogy theory and to interpret some constructions more easily in terms of extensions
of groups over the circle. The resulting cohomology theory is called quasi-elliptic
cohomology [12][7][8]. Its relation with Tate K-theory is
(2.4) QEll∗G(X)⊗Z[q±] Z((q)) = (K
∗
Tate)G(X)
which also reflects the geometric nature of the Tate curve. QEll∗
T
(pt) has a direct
interpretation in terms of the Katz-Mazur group scheme T [Section 8.7, [10]]. The
idea of quasi-elliptic cohomology is motivated by Ganter’s construction of Tate K-
theory [3]. It is not an elliptic cohomology but a more robust and algebraically
simpler treatment of Tate K-theory. This new theory can be interpreted in a neat
form by equivariant K-theories. Some formulations in it can be generalized to
equivariant cohomology theories other than Tate K-theory.
Quasi-elliptic cohomology QEll∗G(−) is exactly the quasi-theory QK
∗
1,G(−) in
Definition 2.2.
Example 2.4 (Generalized Tate K-theory and generalized quasi-elliptic coho-
mology). In Section 2 [5] Ganter gave an interpretation of G−equivariant Tate
K-theory for finite groups G by the loop space of a global quotient orbifold. Apply
the loop construction n times, we can get the n−th generalized Tate K-theory. The
divisible group associated to it is Gm ⊕ (Q/Z)n.
With quasi-theories, we can get a neat expression of it. Consider the quasi-
theory
QK∗n,G(X) =
∏
σ∈Gnz
K∗ΛG(σ)(X
σ).
QK∗n,G(X)⊗Z[q±]⊗n Z((q))
⊗n is isomorphic to the n−th generalized Tate K-theory.
3. A new category of orthogonal G−spectra
It is difficult to construct a concrete representing spectrum for elliptic coho-
mology. In Section 4 [6] we formulate a new category of spectra with larger class
of weak equivalence than that in [11]. In Section 6 [6] we construct an orthogo-
nal G−spectrum for any compact Lie group G representing QEll∗G(−) in this new
category of orthogonal G−spectra.
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First we recall the category of orthogonal G−spectra in [11] and the category
GwS that we will work in. The weak equivalence of interest is the π∗−isomorphism.
Definition 3.1. For subgroups H of G and integers q, define the homotopy
groups πHq (X) of a G−prepsectrum X by
(3.1) πHq (X) = colimV π
H
q (Ω
VX(V )) if q ≥ 0,
where V runs over the indexing G−spaces in the chosen universe, and
(3.2) πH−q(X) = colimV⊃Rqπ
H
0 (Ω
V−RqX(V )) if q > 0.
A map f : X −→ Y of G−prespectra is a π∗−isomorphism if it induces iso-
morphisms on all homotopy groups.
A map of orthogonal G−spectra is a π∗−isomorphism if its underlying map of
G−prespectra is a π∗−isomorphism.
Definition 3.2. The category GwS is the homotopy category of the category
of orthogonal G−spectra with the weak equivalence defined by
(3.3) X ∼ Y if πH0 (X(V )) = π
H
0 (Y (V )),
for each faithful G−representation V and any closed subgroup H of G.
An orthogonal G−spectrum X in GwS is said to represent a theory H∗G if we
have a natural map
(3.4) πH0 (X(V )) = H
V
G (G/H),
for each faithful G−representation V and any closed subgroup H of G.
Lemma 3.3. If a map f : X −→ Y of orthogonal G−spectra induces isomor-
phisms (3.3) on the homotopy groups, i.e.
(3.5) f : πH0 (X(V ))
∼=
−→ πH0 (Y (V ))
for each faithful G−representation V , and any closed subgroup H of G, then f is a
π∗−isomorphism.
We will work in the homotopy category of the category of orthogonalG−spectra
with the weak equivalence defined in (3.5). This homotopy categoryGwT is smaller
than the homotopy category of orthogonalG−spectra that we usually talked about,
where the weak equivalence involved is the π∗−isomorphism. However, it seems the
information that each object contains is enough to define an equivariant cohomology
theory.
The homotopical adjunction below is a way to describe the relation between
G−equivariant homotopy theory and those equivariant homotopy theory for its
closed subgroups. It is introduced in Definition 4.4 [6].
Definition 3.4 (homotopical adjunction). Let H and G be two compact Lie
groups. Let
(3.6) L : GT −→ HT and R : HT −→ GT
be two functors between the category of G−spaces and that of H−spaces. A left-
to-right homotopical adjunction is a natural map
(3.7) MapH(LX, Y ) −→ MapG(X,RY ),
which is a weak equivalence of spaces when X is a G−CW complex.
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Analogously, a right-to-left homotopical adjunction is a natural map
(3.8) MapG(X,RY ) −→ MapH(LX, Y )
which is a weak equivalence of spaces when X is a G−CW complex.
L is called a homotopical left adjoint and R a homotopical right adjoint.
4. Equivariant spectra
In this section, we construct a spaceQEG,n,m representing them−thG−equivariant
quasi-theory QEmn,G(−) up to a weak equivalence.
Let G be a compact Lie group and σ ∈ Gnz . Let Γ denote the subgroup
〈σ1, · · ·σn〉 of G. Let
SG,σ := MapΓ(G, ∗KE(Γ/K))
where ∗ denotes the join, K goes over all the maximal subgroups of Γ and E(Γ/K)
is the universal space of the abelian group Γ/K.
Lemma 4.1. For any closed subgroup H 6 G, SG,σ satisfies
(4.1) SHG,σ ≃
{
pt, if for any b ∈ G, b−1Γb  H;
∅, if there exists b ∈ G such that b−1Γb 6 H.
Proof.
(4.2) SHG,σ = MapΓ(G/H, ∗KE(Γ/K)).
If there exists an b ∈ G such that b−1Γb 6 H , it is equivalent to that there
exists points in G/H that can be fixed by Γ. But there are no points in ∗KE(Γ/K)
that can be fixed by the whole group Γ. So there is no Γ−equivariant map from
G/H to ∗KE(Γ/K). In this case SHG,σ is empty.
If for any b ∈ G, b−1Γb  H , it is equivalent to say that there are no points
in G/H that can be fixed by Γ. Any proper subgroup L of Γ is contained in some
maximal subgroup of Γ. (∗KE(Γ/K))L is the join of several contractible spaces
E(Γ/K)L. Thus, it is contractible. So all the homotopy groups πn((∗KE(Γ/K))L)
are trivial. For any n ≥ 1 and any L−equivariant map
f : (G/H)n −→ ∗KE(Γ/K)
from the n−skeleton of G/H , the obstruction cocycle is zero.
Then by equivariant obstruction theory, f can be extended to the (n+1)−cells
of G/H , and any two extensions f and f ′ are Γ−homotopic.
So in this case SHG,σ is contractible. 
Theorem 4.2. A homotopical right adjoint of the functor Lσ : GT −→ CG(σ)T , X 7→
Xσ from the category of G−spaces to that of CG(σ)−spaces is
(4.3) Rg : CG(σ)T −→ GT , Y 7→ MapCG(σ)(G, Y ∗ SCG(σ),σ).
Proof. Let H be any closed subgroup of G.
First we show given a CG(σ)−equivariant map f : (G/H)σ −→ Y , it extends
uniquely up to CG(σ)−homotopy to a CG(σ)−equivariant map
f˜ : G/H −→ Y ∗ SCG(σ),σ.
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f can be viewed as a map (G/H)σ −→ Y ∗SCG(σ),σ by composing with the inclusion
of one end of the join
Y −→ Y ∗ SCG(σ),σ, y 7→ (1y, 0).
If bH ∈ (G/H)σ, define f˜(bH) := f(bH).
If bH is not in (G/H)σ, its stabilizer group does not contain Γ. By Lemma
4.1, for any subgroup L of its stabilizer group, SL
CG(σ),σ
is contractible. So (Y ∗
SCG(σ),σ)
L = Y L ∗ SLCG(σ),σ is contractible. In other words, if L occurs as the
isotropy subgroup of a point outside (G/H)σ, πn((Y ∗ SCG(σ),σ)
L) is trivial. By
equivariant obstruction theory, f can extend to a CG(σ)−equivariant map f˜ :
G/H −→ Y ∗ SCG(σ),σ, and any two extensions are CG(σ)−homotopy equivalent.
In addition, SσCG(σ),σ is empty. So the image of the restriction of any map G/H −→
Y ∗ SCG(σ),σ to the subspace (G/H)
σ is contained in the end Y of the join.
Thus, MapCG(σ)((G/H)
σ, Y ) is weak equivalent to MapCG(σ)(G/H, Y ∗SCG(σ),σ).
Moreover, we have the equivalence by adjunciton
(4.4) MapG(G/H, MapCG(σ)(G, Y ∗ SCG(σ),σ))
∼= MapCG(σ)(G/H, Y ∗ SCG(σ),σ)
So we get
(4.5) RσY
H = MapG(G/H,RσY ) ⋍ MapCG(σ)((G/H)
σ, Y )
LetX be of the homotopy type of aG−CW complex. LetXk denote the k−skeleton
of X . Consider the functors
MapG(−, RσY ) and MapCG(σ)((−)
σ, Y )
from GT to T . Both of them sends homotopy colimit to homotopy limit. In
addition, we have a natural map from MapG(−, RσY ) to MapCG(σ)((−)
σ, Y ) by
sending a G−map F : X −→ RσY to the composition
(4.6) Xσ
Fσ
−→ (RσY )
σ −→ Y σ ⊆ Y
with the second map f 7→ f(e). Note that for any f ∈ (RσY )σ, i = 1, · · ·n,
f(e) = (σi · f)(e) = f(eσi) = f(σi) = σi · f(e) so f(e) ∈ (Y ∗ SCG(σ),σ)
σ = Y σ and
the second map is well-defined. It gives weak equivalence on orbits, as shown in
(4.5). Thus, Rσ is a homotopical right adjoint of Lσ. 
The subgroup {[(1, t)] ∈ ΛG(σ)|t ∈ Rn} of ΛG(σ) is isomorphic to Rn. We use
the same symbol Rn to denote it.
Theorem 4.3. Let Y be a ΛG(σ)−space. Consider the functor Lσ : GT −→
ΛG(σ)T , X 7→ Xσ where ΛG(σ) acts on Xσ by [g, t] · x = gx. The functor Rσ :
ΛG(σ)T −→ GT with
(4.7) RσY = MapCG(σ)(G, Y
R
n
∗ SCG(σ),σ)
is a homotopical right adjoint of Lσ.
Proof. Let X be a G−space. Let H be any closed subgroup of G. For any
G−space X , Rn acts trivially on Xσ, thus, the image of any ΛG(σ)−equivariant
map Xσ −→ Y is in Y R
n
. So we have MapΛG(σ)(X
σ, Y ) = MapCG(σ)(X
σ, Y R
n
).
First we show f : (G/H)σ −→ Y R
n
extends uniquely up to CG(σ)−homotopy
to a CG(σ)−equivariant map f˜ : G/H −→ Y
R
n
∗ SCG(σ),σ. f can be viewed as a
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map (G/H)σ −→ Y R
n
∗SCG(σ),σ by composing with the inclusion as the end of the
join
Y R
n
−→ Y R
n
∗ SCG(σ),σ, y 7→ (1y, 0).
The rest of the proof is analogous to that of Theorem 4.2. 
Theorem 4.3 implies Theorem 4.4 directly.
Theorem 4.4. For any compact Lie group G and any integer n and m, let
EG,n,m denote the space representing the m−th G−equivariant En−theory. Then
the theory QEmn,G is weakly represented by the space
QEG,n,m :=
∏
σ∈Gnz
Rσ(EΛG(σ),n,m)
in the sense of (4.8)
(4.8) π0(QEG,n,m) = QE
m
n,G(S
0).
where Rσ(EΛG(σ),n,m) is the space
MapCG(σ)(G,E
R
n
ΛG(σ),n,m
∗ SCG(σ),σ).
5. Orthogonal G−spectrum of QE∗n,G
In this section, we consider equivariant cohomology theories E∗G that have the
same key features as equivariant complex K-theories. More explicitly,
• The theories {E∗G}G have the change-of-group isomorphism, i.e. for any closed
subgroup H of G and H−space X , the change-of-group map ρGH : E
∗
G(G×HX) −→
E∗H(X) defined by E
∗
G(G×H X)
φ∗
−→ E∗H(G×H X)
i∗
−→ E∗H(X) is an isomorphism
where φ∗ is the restriction map and i : X −→ G ×H X is the H−equivariant map
defined by i(x) = [e, x]..
• There exists an orthogonal spectrum E such that for any compact Lie group
G and ”large” real G−representation V and a compact G−space B we have a
bijection EVG (B) −→ [B+, E(V )]
G. And (EG, η
E , µE) is the underlying orthogonal
G−spectrum of E.
• Let G be a compact Lie group and V an orthogonal G−representation. For
every ample G−representation W , the adjoint structure map σ˜EV,W : E(V ) −→
Map(SW , E(V ⊕W )) is a G−weak equivalence.
In this section we construct a IG−FSP (QEn(G,−), ηQEn , µQEn) representing
the theory QE∗n,G(−) in the category GwS defined in Definition 3.2.
5.1. The construction of QEn(G,−).
5.1.1. The construction of S(G, V )σ. In this section, for each σ ∈ Gnz , we
construct an orthogonal version S(G, V )σ := Sym(V ) \ Sym(V )σ of the space
SG,σ. It is the space classified by the condition (5.1) which is also the condition
classifying SG,σ.
Let V be a real G−representation. Let Symn(V ) denote the n−th symmetric
power V ⊗n, which has an evident G ≀ Σn−action on it. Let
Sym(V ) :=
⊕
n≥0
Symn(V ).
If V is an ample G−representation, Sym(V ) is a faithful H−representation,
thus, a complete H−universe.
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Define
(5.1) S(G, V )σ := Sym(V ) \ Sym(V )
σ =
n⋃
i=1
Sym(V ) \ Sym(V )σi .
The complex conjugation on V induces an involution on it. Note that for any
subgroup H of G containing Γ = 〈σ1, · · ·σn〉, S(H,V )σ has the same underlying
space as S(G, V )σ.
Proposition 5.1. Let V be an orthogonal G−representation. For any closed
subgroup H 6 CG(σ), S(G, V )σ satisfies
(5.2) S(G, V )Hσ ≃
{
pt, if Γ  H ;
∅, if Γ 6 H .
Proof. If Γ 6 H , Sym(V )H is a subspace of Sym(V )σ, so (Sym(V )\Sym(V )σ)H
is empty. To simplify the symbol, we use Symn,⊥ denote the orthogonal comple-
ment of Symn(V )σ in Symn(V ).
(Sym(V ) \ Sym(V )σ)H = colimn−→∞(Sym
n(V )σ)H ×
(
(Symn,⊥)H \ {0}
)
Then (Symn,⊥)H \ {0} ⋍ Skn−1 where kn is the dimension of (Symn,⊥)H . As n
goes to infinity, kn goes to infinity. When kn is large enough, S
kn−1 is contractible.
So (Sym(V ) \ Sym(V )σ)H is contractible. 
5.1.2. The construction of Fσ(G, V ). Next, we construct a space Fσ(G, V ) rep-
resenting the theory EV
σ
ΛG(σ)
(−).
If V is a faithful G−representation, by Proposition A.6, we have the faithful
ΛG(σ)−representation (V )Rσ . In addition, V
σ can be considered as a ΛG(σ)−representation
with trivial R−action. The space E((V )Rσ ⊕ V
σ) represents E
(V )Rσ⊕V
σ
ΛG(σ)
(−). So we
have
Map(S(V )
R
σ , E((V )Rσ ⊕ V
σ))
represents EV
σ
ΛG(σ)
(−) since
[Xσ,Map(S(V )
R
σ , E((V )Rσ ⊕ V
σ))]ΛG(σ)
is isomorphic to
[Xσ ∧ S(V )
R
σ , E((V )Rσ ⊕ V
σ)]ΛG(σ) = E
(V )Rσ⊕V
σ
ΛG(σ)
(Xσ ∧ S(V )
R
σ ) = EV
σ
ΛG(σ)
(Xσ).
To simplify the symbol, we use Fσ(G, V ) to denote the space
MapR(S
(V )Rσ , E((V )Rσ ⊕ V
σ)).
Its basepoint c0 is the constant map to the basepoint of E((V )
R
σ ⊕ V
σ).
Fσ : (G, V ) 7→ Fσ(G, V ) provides a functor from IG to the category CG(σ)T
of CG(σ)−spaces. It has the properties below.
Proposition 5.2. Let G and H be compact Lie groups. Let V be a real
G−representation and W a real H−representation. Let σ ∈ Gnz , τ ∈ H
n
z .
(i) We have the unit map ησ(G, V ) : S
V σ −→ Fσ(G, V ) and the multiplication
µF(σ,τ)((G, V ), (H,W )) : Fσ(G, V ) ∧ Fτ (H,W ) −→ F(σ,τ)(G×H,V ⊕W )
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making the unit, associativity and centrality of unit diagram commute. And
ησ(G, V ) is CG(σ)−equivariant and µF(σ,τ)((G, V ), (H,W )) is CG×H(σ, τ)− equi-
variant.
(ii)Let ∆G denote the diagonal map G −→ G × G, g 7→ (g, g). Let σ˜σ(G, V,W ) :
Fσ(G, V ) −→ Map(SW
σ
, Fσ(G, V ⊕W )) denote the map
x 7→ (w 7→
(
∆∗G ◦ µ
F
(σ,τ)((G, V ), (G,W ))
)(
x, ησ(G,W )(w)
)
).
Then σ˜σ(G, V,W ) is a ΛG(σ)−weak equivalence when V is an ampleG−representation.
(iii) If (E, ηE , µE) is commutative, we have
(5.3) µF(σ,τ)((G, V ), (H,W ))(x ∧ y) = µ
F
(τ,σ)((H,W ), (G, V ))(y ∧ x)
for any x ∈ Fσ(G, V ) and y ∈ Fτ (H,W ).
The proof is straightforward and left to the readers.
5.1.3. The construction of QEn(G, V ). Recall in Theorem 4.4 we construct a
G−space QEG,n,m representing QEmn,G(−). In this section we go a step further.
Apply Theorem 4.3, we get the conclusion below.
Proposition 5.3. Let V be a faithful orthogonal G−representation. Let
B′n(G, V ) denote the space∏
σ∈Gnz
MapCG(σ)(G,Fσ(G, V ) ∗ S(G, V )σ).
QEVn,G(−) is weakly represented byB
′
n(G, V ) in the sense π0(B
′
n(G, V )) = QE
V
n,G(S
0).
The proof of Proposition 5.3 is analogous to that of Theorem 4.4 step by step.
Below is the main theorem in Section 5.1. We will use formal linear combination
t1a+ t2b with 0 6 t1, t2 6 1, t1 + t2 = 1
to denote points in join.
Proposition 5.4. Let QEn,σ(G, V ) denote
{t1a+ t2b ∈ Fσ(G, V ) ∗ S(G, V )σ|‖b‖ 6 t2}/{t1c0 + t2b}.
It is the quotient space of a closed subspace of the join Fσ(G, V ) ∗ S(G, V )σ with
all the points of the form t1c0 + t2b collapsed to one point, which we pick as the
basepoint of QEn,σ(G, V ), where c0 is the basepoint of Fσ(G, V ). QEn,σ(G, V )
has the evident CG(σ)−action. And it is CG(σ)−weak equivalent to Fσ(G, V ) ∗
S(G, V )σ. As a result,
∏
σ∈Gnz
MapCG(σ)(G,QEn,σ(G, V )) is G−weak equivalent to∏
σ∈Gnz
MapCG(σ)(G,Fσ(G, V )∗S(G, V )σ). So when V is a faithful G−representation,
(5.4) QEn(G, V ) :=
∏
σ∈Gnz
MapCG(σ)(G,QEn,σ(G, V ))
weakly represents QEVn,G(−) in the sense π0(QEn(G, V ))
∼= QEVn,G(S
0).
Proof. First we show Fσ(G, V ) ∗S(G, V )σ is CG(σ)−homotopy equivalent to
QE′n,σ(G, V ) := {t1a+ t2b ∈ Fσ(G, V ) ∗ S(G, V )σ|‖b‖ 6 t2}.
Note that b ∈ S(G, V )σ is never zero. Let j : QE′n,σ(G, V ) −→ Fσ(G, V ) ∗
S(G, V )σ be the inclusion. Let p : Fσ(G, V ) ∗ S(G, V )σ −→ QE′n,σ(G, V ) be the
CG(σ)−map sending t1a + t2b to t1a + t2
min{‖b‖,t2}
‖b‖ b. Both j and p are both
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continuous and CG(σ)−equivariant. p ◦ j is the identity map of QE′n,σ(G, V ). We
can define a CG(σ)−homotopy
H : (Fσ(G, V ) ∗ S(G, V )σ)× I −→ Fσ(G, V ) ∗ S(G, V )σ
from the identity map on Fσ(G, V ) ∗ S(G, V )σ to j ◦ p by shrinking. For any
t1a+ t2b ∈ Fσ(G, V ) ∗ S(G, V )σ, Define
(5.5) H(t1a+ t2b, t) := t1a+ t2((1− t)b + t
min{‖b‖, t2}
‖b‖
b).
Then we show QE′n,σ(G, V ) is G−weak equivalent to QEn,σ(G, V ). Let q :
QE′n,σ(G, V ) −→ QEn,σ(G, V ) be the quotient map. Let H be a closed subgroup
of CG(σ).
If the group Γ is in H , since S(G, V )Hσ is empty, so QEn,σ(G, V )
H is in the
end Fσ(G, V ) and can be identified with Fσ(G, V )
H . In this case qH is the identity
map.
If Γ is not in H , QE′n,σ(G, V )
H is contractible. The cone {c0} ∗ S(G, V )Hσ is
contractible, so q
(
({c0} ∗ S(G, V )σ)H
)
= q({c0} ∗ S(G, V )Hσ ) is contractible. Note
that the subspace of all the points of the form t1c0+ t2b for any t1 and b is q
(
({c0}∗
S(G, V )σ)
H
)
. Therefore, QEn,σ(G, V )
H = QE′n,σ(G, V )
H/q({c0} ∗ S(G, V )σ)
H is
contractible.
Therefore, QE′σ(G, V ) is G−weak equivalent to Fσ(G, V ) ∗ S(G, V )σ. 
Proposition 5.5. Let σ ∈ Gnz . Let Y be a based ΛG(σ)−space. Let Y˜σ denote
the CG(σ)−space
{t1a+ t2b ∈ Y
R
n
∗ S(G, V )σ|‖b‖ 6 t2}/{t1y0 + t2b}.
It is the quotient space of a closed subspace of Y R
n
∗ S(G, V )σ with all the points
of the form t1y0 + t2b collapsed to one point, i.e the basepoint of Y˜σ, where y0 is
the basepoint of Y . Y˜σ is CG(σ)−weak equivalent to Y R
n
∗ S(G, V )σ. As a result,
the functor Rσ : CG(σ)T −→ GT with RσY˜ = MapCG(σ)(G, Y˜σ) is a homotopical
right adjoint of L : GT −→ CG(σ)T , X 7→ Xσ.
The proof is analogous to that of Theorem 4.3 and Proposition 5.4.
Remark 5.6. We can consider QEn,σ(G, V ) as a quotient space of a subspace
of Fσ(G, V )× Sym(V )× I
(5.6) {(a, b, t) ∈ Fσ(G, V )× Sym(V )× I|‖b‖ 6 t; and b ∈ S(G, V )σ if t 6= 0}
by identifying points (a, b, 1) with (a′, b, 1), and collapsing all the points (c0, b, t)
for any b and t. In other words, the end Fσ(G, V ) in the join Fσ(G, V ) ∗ S(G, V )σ
is identified with the points of the form (a, 0, 0) in (5.6).
Proposition 5.7. For each σ ∈ Gnz ,
QEn,σ : IG −→ CG(σ)T , (G, V ) 7→ QEn,σ(G, V )
is a well-defined functor. As a result,
QEn : IG −→ GT , (G, V ) 7→
∏
σ∈Gnz
MapCG(σ)(G,QEn,σ(G, V ))
is a well-defined functor.
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Proof. Let V andW be G−representations and f : V −→ W a linear isomet-
ric isomorphism. Then f induces a CG(σ)−homeomorphism Fσ(f) from Fσ(G, V )
to Fσ(G,W ) and a CG(σ)−homeomorphism Sσ(f) from S(G, V )σ to S(G,W )σ.
We have the well-defined map
QEn,σ(f) : QEn,σ(G, V ) −→ QEn,σ(G,W )
sending a point represented by t1a+t2b in the join to that represented by t1Fσ(f)(a)+
t2Sσ(f)(b). And QEn(f) : QEn(G, V ) −→ QEn(G,W ) is defined by∏
σ∈Gnz
ασ 7→
∏
σ∈Gnz
QEn,σ(f) ◦ ασ.
It is straightforward to check that all the axioms hold. 
5.2. Construction of ηQEn and µQEn . In this section we construct a unit
map ηQEn and a multiplication µQEn so that we get a commutative IG−FSP rep-
resenting the QEn−theory in GwS.
Let G and H be compact Lie groups, V an orthogonalG−representation andW
an orthogonal H−representation. Let σ ∈ Gnz . We use xσ to denote the basepoint
of QEn,σ(G, V ), which is defined in Proposition 5.4. For each v ∈ SV , there are
v1 ∈ SV
σ
and v2 ∈ S(V
σ)⊥ such that v = v1 ∧ v2. Let ηQEnσ (G, V ) : S
V −→
QEn,σ(G, V ) be the map
(5.7) ηQEnσ (G, V )(v) :=
{
(1− ‖v2‖)ησ(G, V )(v1) + ‖v2‖v2, if ‖v2‖ 6 1;
xσ, if ‖v2‖ > 1.
Lemma 5.8. The map ηQEnσ (G, V ) defined in (5.10) is well-defined, continuous
and CG(σ)−equivariant.
Remark 5.9. For any σ ∈ Gnz , it’s straightforward to check the diagram below
commutes.
SV
σ ησ(G,V )
−−−−−→ Fσ(G, V )y y
SV
ηQEnσ (G,V )−−−−−−−→ QEn,σ(G, V )
where both vertical maps are inclusions. By Lemma 5.8, the map
(5.8)
ηQEn(G, V ) : SV −→
∏
σ∈Gnz
MapCG(σ)(G,QEn,σ(G, V )), v 7→
∏
σ∈Gnz
(α 7→ ηQEnσ (G, V )(α·v)),
is well-defined and continuous. Moreover, ηQEn : S −→ QEn with QEn(G, V )
defined in (5.4) is well-defined.
Next, we construct the multiplication map µQEn . First we define a map
µQEn(σ,τ)((G, V ), (H,W )) : QEn,σ(G, V )∧QEn,τ (H,W ) −→ QEn,(σ,τ)(G×H,V ⊕W )
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by sending a point [t1a1 + t2b1] ∧ [u1a2 + u2b2] to
(5.9)
[(1−
√
t22 + u
2
2)µ
F
(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) if t
2
2 + u
2
2 ≤ 1 and t2u2 6= 0;
+
√
t22 + u
2
2(b1 + b2)],
[(1− t2)µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + t2b1], if u2 = 0 and 0 < t2 < 1;
[(1− u2)µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + u2b2], if t2 = 0 and 0 < u2 < 1;
[1µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + 0], if u2 = 0 and t2 = 0;
xσ,τ , Otherwise.
where xσ,τ is the basepoint of QEn,(σ,τ)(G×H,V ⊕W ).
Lemma 5.10. The map µQEn(σ,τ)((G, V ), (H,W )) defined in (5.12) is well-defined
and continuous.
The basepoint of QEn(G, V ) is the product of the basepoint of each factor
MapCG(σ)(G,QEn,σ(G, V )), i.e. the product of the constant map to the basepoint
of each QEn,σ(G, V ).
We can define the multiplication µQEn((G, V ), (H,W )) : QEn(G, V )∧QEn(H,W ) −→
QEn(G×H,V ⊕W ) by( ∏
σ∈Gnz
ασ
)
∧
( ∏
τ∈Hnz
βτ
)
7→
∏
σ∈Gnz
τ∈Hnz
(
(σ′, τ ′) 7→ µQEn(σ,τ)((G, V ), (H,W ))
(
ασ(σ
′) ∧ βτ (τ
′)
))
.
Theorem 5.11. QEn : IG −→ GT together with the unit map ηQEn defined in
(5.11) and the multiplication µQEn((G,−), (G,−)) gives a commutative IG−FSP
that weakly represents QE∗n,G(−).
Remark 5.12. We apply a conclusion from Chapter 3, Section 1, in [13]. A
G−spectrum Y is isomorphic to an orthogonal G−spectrum of the form X〈G〉 for
some orthogonal spectrum X if and only if for every trivial G−representation V
the G−action on Y (V ) is trivial. QEn(G, V ) is not trivial when V is trivial. So it
cannot arise from an orthogonal spectrum.
Proposition 5.13. Let G be any compact Lie group. Let V be an ample
orthogonalG−representation andW an orthogonalG−representation. Let σQEnG,V,W :
SW ∧ QEn(G, V ) −→ QEn(G, V ⊕W ) denote the structure map of QEn defined
by the unit map ηQEn(G, V ). Let σ˜QEnG,V,W denote the right adjoint of σ
QEn
G,V,W . Then
σ˜QEnG,V,W : QEn(G, V ) −→ Map(S
W , QEn(G, V ⊕W )) is a G−weak equivalence.
Let G and H be compact Lie groups, V an orthogonalG−representation andW
an orthogonalH−representation. We use xσ to denote the basepoint of QEσ(G, V ),
which is defined in Proposition 5.4. Let σ ∈ Gnz . For each v ∈ S
V , there are v1 ∈
SV
σ
and v2 ∈ S(V
σ)⊥ such that v = v1∧v2. Let ηQEnσ (G, V ) : S
V −→ QEn,σ(G, V )
be the map
(5.10) ηQEnσ (G, V )(v) :=
{
(1− ‖v2‖)ησ(G, V )(v1) + ‖v2‖v2, if ‖v2‖ 6 1;
xσ, if ‖v2‖ > 1.
The map ηQEnσ (G, V ) defined in (5.10) is well-defined, continuous and CG(σ)−equivariant.
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Remark 5.14. For any σ ∈ Gnz , it’s straightforward to check the diagram below
commutes.
SV
σ ησ(G,V )
−−−−−→ Fσ(G, V )y y
SV
ηQEnσ (G,V )−−−−−−−→ QEn,σ(G, V )
where both vertical maps are inclusions. By Lemma 5.8, the map
(5.11)
ηQEn(G, V ) : SV −→
∏
σ∈Gnz
MapCG(σ)(G,QEn,σ(G, V )), v 7→
∏
σ∈Gnz
(α 7→ ηQEnσ (G, V )(α·v)),
is well-defined and continuous. Moreover, ηQEn : S −→ QEn with QEn(G, V )
defined in (5.4) is well-defined.
Next, we construct the multiplication map µQEn . First we define a map
µQEn(σ,τ)((G, V ), (H,W )) : QEn,σ(G, V )∧QEn,τ (H,W ) −→ QEn,(σ,τ)(G×H,V ⊕W )
by sending a point [t1a1 + t2b1] ∧ [u1a2 + u2b2] to
(5.12)
[(1−
√
t22 + u
2
2)µ
F
(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) if t
2
2 + u
2
2 ≤ 1 and t2u2 6= 0;
+
√
t22 + u
2
2(b1 + b2)],
[(1− t2)µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + t2b1], if u2 = 0 and 0 < t2 < 1;
[(1− u2)µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + u2b2], if t2 = 0 and 0 < u2 < 1;
[1µF(σ,τ)((G, V ), (H,W ))(a1 ∧ a2) + 0], if u2 = 0 and t2 = 0;
xσ,τ , Otherwise.
where xσ,τ is the basepoint ofQEn,(σ,τ)(G×H,V ⊕W ). The map µ
QEn
(σ,τ)((G, V ), (H,W ))
defined in (5.12) is well-defined and continuous.
The basepoint of QEn(G, V ) is the product of the basepoint of each factor
MapCG(σ)(G,QEn,σ(G, V )), i.e. the product of the constant map to the basepoint
of each QEn,σ(G, V ).
We can define the multiplication µQEn((G, V ), (H,W )) : QEn(G, V )∧QEn(H,W ) −→
QEn(G×H,V ⊕W ) by( ∏
σ∈Gnz
ασ
)
∧
( ∏
τ∈Hnz
βτ
)
7→
∏
σ∈Gnz
τ∈Hnz
(
(σ′, τ ′) 7→ µQEn(σ,τ)((G, V ), (H,W ))
(
ασ(σ
′) ∧ βτ (τ
′)
))
.
Theorem 5.15. QEn(G,−) : IG −→ GT together with the unit map ηQEn
defined in (5.11) and the multiplication µQEn((G,−), (G,−)) gives a commutative
IG−FSP that weakly represents QE∗n,G(−).
The proof of Theorem 5.15 is analogous to that of Theorem 6.12 [6].
Remark 5.16. We apply a conclusion from Chapter 3, Section 1, in [13]. A
G−spectrum Y is isomorphic to an orthogonal G−spectrum of the form X〈G〉 for
some orthogonal spectrum X if and only if for every trivial G−representation V
the G−action on Y (V ) is trivial. QEn(V ) is not trivial when V is trivial. So it
cannot arise from an orthogonal spectrum.
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In addition, we have the conclusion below.
Proposition 5.17. Let G be any compact Lie group. Let V be an ample
orthogonalG−representation andW an orthogonalG−representation. Let σQEnG,V,W :
SW ∧ QEn(G, V ) −→ QEn(G, V ⊕W ) denote the structure map of QEn defined
by the unit map ηQEn(G, V ). Let σ˜QEnG,V,W denote the right adjoint of σ
QEn
G,V,W . Then
σ˜QEnG,V,W : QEn(G, V ) −→ Map(S
W , QEn(G, V ⊕W )) is a G−weak equivalence.
The proof is analogous to that of Proposition 6.14 [6].
At last, we get the main conclusion of Section 5.
Theorem 5.18. For each positive integer n and each compact Lie group G,
there is a well-defined functor QG,n from the category of orthogonal ring spectra
to the category of IG−FSP sending E to (QEn(G,−), ηQEn , µQEn) that weakly
represents the quasi-theory QE∗n,G.
Appendix A. Faithful representation of ΛG(σ)
We discuss complex and real ΛG(σ)−representations in Section A.1 and A.2
respectively.
A.1. Preliminaries: faithful representations of ΛG(σ). In this section,
we construct a faithful ΛG(σ)−representation from a faithful G−representation.
Let G be a compact Lie group and σ ∈ Gnz . Let li denote the order of σi. Let ρ
denote a complex G−representation with underlying space V . Let i : CG(σ) →֒ G
denote the inclusion. Let {λ} denote all the irreducible complex representations
of CG(σ). As said in [4], we have the decomposition of a representation into its
isotypic components i∗V ∼=
⊕
λ
Vλ where Vλ denotes the sum of all subspaces of V
isomorphic to λ. Each Vλ = HomCG(σ)(λ, V ) ⊗C λ is unique as a subspace. Note
that each σi acts on each Vλ as a diagonal matrix.
Each Vλ can be equipped with a ΛG(σ)−action. Each λ(σi) is of the form
e
2piimλi
li I with 0 < mλi ≤ li and I the identity matrix. As shown in Lemma 2.1, we
have the well-defined complex ΛG(σ)−representations
(Vλ)σ := Vλ ⊙C (q
mλ1
l1 ⊗ · · · ⊗ q
mλn
ln )
and
(A.1) (V )σ :=
⊕
λ
(Vλ)σ.
Proposition A.1. Let V be a faithful G−representation. Let σ ∈ Gnz .
(i) (V )σ ⊕ (V )σ ⊗C q−1 is a faithful ΛG(σ)−representation.
(ii) (V )σ ⊕ V σ is a faithful ΛG(σ)−representation.
Proof. (i) Let [a, t] ∈ ΛG(σ) be an element acting trivially on Vσ. Consider
the subrepresentations (Vλ)σ and (Vλ)σ ⊗C q−1 of (V )σ ⊕ (V )σ ⊗C q−1 respectively.
Let v be an element in the underlying vector space Vλ. On (Vλ)σ, [a, t] · v =
e2piit(
mλ1
l1
+···
mλn
ln
)a·v = v; and on (Vλ)σ⊗Cq−1, [a, t]·v = e
2piit(
mλ1
l1
+···
mλn
ln
)−2piita·v =
v. So we get e2piit · v = v. Thus, t = 0. CG(σ) acts faithfully on V , so it acts
faithfully on (V )σ⊕(V )σ⊗Cq−1. Since [a, 0]·w = w, for any w ∈ (V )σ⊕(V )σ⊗Cq−1,
so a = e.
Thus, (V )σ ⊕ (V )σ ⊗C q
−1 is a faithful ΛG(σ)−representation.
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(ii) Note that V σ with the trivial R−action is the representation (V σ)σ⊗C q−1.
The representation (V )σ ⊕V σ contains a subrepresentation (V σ)σ ⊕ (V σ)σ ⊗C q−1,
which is a faithful ΛG(σ)−representation by Proposition A.1 (i). So (V )σ ⊕ V σ is
faithful. 
Lemma A.2. For any σ ∈ Gnz , (−)σ defined in (A.1) is a functor from the
category of G−spaces to the category of ΛG(σ)−spaces. Moreover, (−)σ ⊕ (−)σ ⊗C
q−1 and (−)σ ⊕ (−)σ in Proposition A.1 are also well-defined functors from the
category of G−spaces to the category of ΛG(σ)−spaces.
Proof. Let f : V −→W be aG−equivariant map. Then f is CG(σ)−equivairant
for each σ ∈ Gnz . For each irreducible complex CG(σ)−representation λ, f : Vλ −→
Wλ is CG(σ)−equivairant. And fσ : (Vλ)σ −→ (Wλ)σ, v 7→ f(v) with the same
underlying spaces is well-defined and is ΛG(σ)−equivariant. It is straightforward
to check if we have two G−equivariant maps f : V −→ W and g : U −→ V ,
then (f ◦ g)σ = fσ ◦ gσ. So (−)σ gives a well-defined functor from the category of
G−representations to the category of ΛG(σ)−representation.
The other conclusions can be proved in a similar way. 
Proposition A.3. Let H and G be two compact Lie groups. Let σ ∈ Gnz and
τ ∈ Hnz . Let V be a G−representation and W a H−representation.
(i) We have the isomorphisms of representations (V ⊕W )(σ,τ) = (Vσ ⊕Wτ ) as
ΛG×H(σ, τ) ∼= ΛG(σ)×Tn ΛH(τ)−representations;
(V ⊕W )(σ,τ)⊕(V ⊕W )(σ,τ)⊗C q
−1 = ((V )σ⊕(V )σ⊗C q−1)⊕((W )τ ⊕(W )τ ⊗C q−1)
as ΛG×H(σ, τ) ∼= ΛG(σ)×Tn ΛH(τ)−representations;
and (V ⊕W )(σ,τ) ⊕ (V ⊕W )
(σ,τ) = ((V )σ ⊕ V σ)⊕ ((W )τ ⊕W τ ) as ΛG×H(σ, τ) ∼=
ΛG(σ) ×Tn ΛH(τ)−representations.
(ii) Let φ : H −→ G be a group homomorphism. Let φτ : ΛH(τ) −→ ΛG(φ(τ))
denote the group homomorphism obtained from φ. Then we have
φ∗τ (V )φ(τ) = (V )τ ,
φ∗τ ((V )φ(τ) ⊕ (V )φ(τ) ⊗C q
−1) = (V )τ ⊕ (V )τ ⊗C q
−1,
φ∗τ ((V )φ(τ) ⊕ V
φ(τ)) = (V )τ ⊕ V
τ
as ΛH(τ)−representations.
Proof. (i) Let {λG} and {λH} denote the sets of all the irreducible CG(σ)−
representations and all the irreducible CH(τ)−representations. Then λG and λH are
irreducible representations of CG×H(σ, τ) via the inclusion CG(σ) −→ CG×H(σ, τ)
and CH(τ) −→ CG×H(σ, τ).
The R−representation assigned to each CG×H(σ, τ)−irreducible representation
in V ⊕W is the same as that assigned to the irreducible representations of V and
W . So we have
(V ⊕W )(σ,τ) = (Vσ ⊕Wτ )
as ΛG×H(σ, τ) ∼= ΛG(σ)×Tn ΛH(τ)−representations.
Similarly we can prove the other two conclusions in (i).
(ii) Let σ = φ(τ). If (φ∗τV )λH is a CH(τ)−subrepresentation of φ
∗
τVλG , the
R−representation assigned to it is the same as that to VλG . So we have φ
∗
τ (V )φ(τ) =
(V )τ as ΛH(τ)−representations.
Similarly we can prove the other two conclusions in (ii). 
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A.2. real ΛG(σ)−representation. In this section we discuss real ΛG(σ)−
representation and its relation with the complex ΛG(σ)−representations introduced
in Lemma 2.1. The main reference is [2] and [4].
Let G be a compact Lie group and σ ∈ Gnz .
Definition A.4. A complex representation ρ : G −→ AutC(V ) is said to
be self dual if it is isomorphic to its complex dual ρ∗ : G −→ AutC(V ∗) where
V ∗ := HomC(V,C) and ρ∗(g) = ρ(g−1)∗.
For any compact Lie group, we use RO(G) to denote the real representation
ring of G. We have the real version of Lemma 2.1 below. The proof of Lemma A.5
is left to the readers.
Lemma A.5. Let σ ∈ Gnz . Then the map π
∗ : RO(Tn) −→ RO(ΛG(σ)) exhibits
RO(ΛG(σ)) as a free RO(Tn)−module.
In particular there is an RO(T)−basis of RO(ΛG(σ)) given by irreducible real
representations {VΛ}. There is a bijection between {VΛ} and the set {λ} of irre-
ducible real representations of CG(σ). When σ is trivial, VΛ has the same underlying
space V as λ. When σ is nontrivial, VΛ = ((λ ⊗R C) ⊙C (η1 ⊗ · · · ⊗ ηn)) ⊕ ((λ ⊗R
C) ⊙C (η1 ⊗ · · · ⊗ ηn))∗ where each ηi is a complex R−representation such that
(λ⊗R C)(σi) acts on V ⊗R C via the scalar multiplication by ηi(1). The dimension
of VΛ is twice as that of λ.
As in (A.1), we can construct a functor (−)Rσ from the category of realG−representations
to the category of real ΛG(σ)−representations with
(A.2) (V )Rσ = (V ⊗R C)σ ⊕ (V ⊗R C)
∗
σ.
Proposition A.6. Let V be a faithful realG−representation. For each σ ∈ Gnz ,
(V )Rσ is a faithful real ΛG(σ)−representation.
Proof. Let [a, t] ∈ ΛG(σ) be an element acting trivially on (V )Rσ . Assume
t ∈ [0, 1). Let v ∈ (V ⊗R C)σ and let v∗ denote its correspondence in (V ⊗R C)∗σ.
Then [a, t] · (v + v∗) = (ae2piimt + ae−2piimt)(v + v∗) = v + v∗ where m is a nonzero
number determined by σ. Thus a is equal to both e2piimtI, and e−2piimtI. Thus
t = 0 and a is trivial.
So (V )Rσ is a faithful real ΛG(σ)−representation. 
Proposition A.7. Let H and G be two compact Lie groups. Let σ ∈ Gnz and
τ ∈ Hnz . Let V be a real G−representation and W a real H−representation.
(i) We have the isomorphisms of representations (V ⊕W )R(σ,τ) = (V
R
σ ⊕W
R
τ ) as
ΛG×H(σ, τ) ∼= ΛG(σ)×Tn ΛH(τ)−representations.
(ii) Let φ : H −→ G be a group homomorphism. Let φτ : ΛH(τ) −→ ΛG(φ(τ))
denote the group homomorphism obtained from φ. Then φ∗τ (V )
R
φ(τ) = (V )
R
τ , as
ΛH(τ)−representations.
The proof is left to the readers.
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